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Syllabus
**Numerical Solutions of Ordinary D.E

*»Matrices and their applications

»Interpolation and Curve Fitting

“*Numerical Integration

“*Boundary Value Problems and Finite Differences

ss* Numerical Solution for Partial D.E



Numerical Solutionsof Ordinary D.E.
If % = f(x,y) can't be solved by direct
X

Integration The numerical solution techiques
are used. To describe var ious numerical
methods for the solution of ordinaryD.E.,
we consider the general first order D.E.



=Y~ £(x, y), with initial condition y(x,) = y,

dx
and Illustratethe theory with respect to this

equation The methods so developed can,

In general, be applied to the solution of

systems of first order equation and will
yield the solutionin of the two forms;




1— Aseries for y in terms of powers of X,
from which the value of y can obtained by
dircect substituton.

2— A set of tabulated valuesof x and v.



Euler's Method:

Convertﬂ to ﬂ
dx AX
d
Yot (xy) = F(x,,,)
dx
f(xm yn) _ yn+1_ yn _ yn+1_ yn

— X h

n+1 n

Yo~ Yn = h* f (Xn’ yn)
yn+1 — yn T h f(Xn’ yn)



h
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Ex: Consider D.E. % = X+ Yy with condition
X

y(0) =1. Find y when x=2 (let h=0.5)
Solution

Ynir = Yo +h T(X,,Y,)

Y1 =Y, +h T(X,,¥,)

y, =1+0.5(0+1) =1.5

Y, = y1+h f(x1’ yl)

y, =1.5+0.5(0.5+1.5) = 2.5
y,=2.5+0.51.0+2.5) =4.25

vy, =4.25+0.5(1.5+4.25) =7.125

- y(2)=7.125



EX: D.E.,%:—y with y(0) =1.
X

Find y when x=0.04 (let h=0.01)

Solution

Yoir = Yo N T(X;, ¥5)

y, = ¥(0.01) =1+0.01(-1) =0.99

y, = Y(0.02) =0.99+0.01(-0.99) =0.9801

Y, = ¥(0.03) =0.9801+0.01(-0.9801) =0.9703
y, = Y(0.04) =0.9703+0.01(-0.9703) = 0.9606
. y(0.04) =0.9606



Modified Euler's Method: or

Predictor Corrector Method
This Is the simplest of an entire series of
method called predictor corrector methods
1—Predictor step:

Vo..=Y, +AXF(X,,Y,) ... from Euler's method
having obtained y, ., we now calculate f(x.,Y,)
which is the derivativeat the new point
(X..., V...) and averagewith the previous
derivative f (x,,y,) to find the averagederivative

%[f (Xn’ yn) + f (Xn+1’ yn+1)]



2 —Now, we substitutethis averagevalueinto
the original iteration equationinstead of

f(x,y.) to get;

h _
yn+1 — yn T E[f (Xn’ yn) T f (Xn+1’ yn+1)]



Ex D.E.,%: v, y(0)=1.Find y at x=1
X

Solution
1-Useh=1 n=1
Y1 =Y, +h 1:(Xo’ yo) :1+1(1) =2

h _
Yy = yo+§[f(xo,yo)+ F (% +VY,)]

:1+%[1+ 2]=2.5



2—Use h=0.5n=2

J, =y. +hf(x,,y.)=1+0.5(1) =1.5
h _

Y1 = yo""z[f(xo’yo)"' f(X1+y1)]

=1+ %[1+1.5] =1.625

Y, =Y, +h f(x,Yy,) =1.625+0.5(1.625) =2.4375

h _
Y, = Y1+§[f (X11 y1)+ f(X2 + yz)]

=1.625+ O—é5[1.625+ 2.4375] =2.6406



Modified Euler's Method:

h _
yn+1 — yn + E[f (Xn’ yn) T f (Xn+l’ yn+1)]

yn+1:yn+h 1:(Xn’yn)
klzh f(xn’yn)
k2 :h f(Xn+1’yn +k1)

1
yn+1 — yn +§(k1 T kz)



d
EX:D'E"d_ic, =y, y(0) =1.Findyatx =1

use h = 0.5

Solution

x, = 0, Vo, = 1, h=20.5
ki =0.5(1)=0.5

k, = 0.5(1.5) = 0.75

y1=147(05+0.75) = 1.625

X1 = O.S,yl — 1625,h — 05
k, = 0.5(1.625) = 0.8125
k, = 0.5(1.625 + 0.8125) = 1.21875

1
y, = 1.625 + 5(0.8125 + 1.21875) = 2.640625




Ex: Deter mine the value of y when x=0.1
given that y(0)=1and y'=x*+y

Solution

1- h=0.05

Yy, =Y, +hf(x,,y )=1+0.050°+1) =1.05

h _
yl — yo +§[f (Xo’ yo)+ f(xl’ yl)]

0.05
2
Y, =Y.+ ht(x,y;)

=1.0513+0.05(0.05° +1.0513) =1.10399

0.05
2

=1+ [1+{(0.05)* +1.05}] =1.0513

y, =1.0513+

[(0.05)2 +1.0513+ (0.1)2 +1.10399] = 1.10549



2— X%X,=0, y,=1 h=0.05

k,=hf(x_,y )=0.05x>+y,)=0.05+(0°+1)=0.05
k,=hf(x_ ., V. +k)=0.05[(0+0.5)°+(1+0.05)]=0.052625
Y, =Y, +%(k1 +k,) :1+%(0.05+ 0.052625 =1.0513

X, =0.05, y, =1.0513 h=0.05
k, = 0.05[(0.05)% +1.0513] = 0.05269
k, = 0.05[(0.1)% + (1.0513+0.05269)] = 0.0557

y, =1.0513+ % (0.05269+0.0557) =1.10549



Runge — Kutta Method:

The formula for (4th) order Runge Kutta
is given as follows:

1
Yitr = Vit (k1 + 2k; + 2k3 + ky)

ki = hf(x;,yi)

ok
k, = hf (x; +E’yi +7)

ok,
ks = hf (x; TV +7)

ko = hf(x; + h,y; + k3)



Ex:%:y, y(0)=1 find y at x=1, h=1
X

Solution
ky =h1(X,y)=11) =1
h K,

1
k, =hf(x.+—,y +—=)=101+-)=1.5
2 ( I 2 yn 2) ( 2)

h k 1.5
k.=hf(x +—,y. +—2)=11+=——)=1.75
3 ( I 2 yn 2) ( 2)

K, =h f(x +h,y +k,)=1(1+1.75) = 2.75

Y1 = yo+%(k1+2k2+2k3+k4)

=1+ % (1+2(1.5)+2(1.75)+2.75) =2.70833



Ex:%zxzqty, y(0)=1 find y at x=1, h=0.5
X

Solution
Xx=0, y=1, h=05
k, =0.5(0° +1) = 0.5

k, = 0.5[(0+ O—;)z +(1+ O—f)] =0.65625

0.6953

k, = O.5[(O+O—é5)2 +(1+ O'62625)] =

k, = 0.5[(0+0.5)% + (1+0.6953)] = 0.97265

y, =1+ % (0.5+2(0.65625+0.6953) +0.97265 =1.696



x=0.5 y=1.696, h=05
k, =0.5(0.52 +1.696) = 0.973

0.973

2

k. = 0.5[(0.5+ O—;’)Z +(1.696+ 1'32725)] _1.4724

k, = 0.5[(0.5+?)2 +(1.696+ )]=1.3725

K, =0.5[(0.5+0.5)% + (1.696+1.4724)] = 2.0842

y, =1.696+ % (0.973+2(1.3725+1.4724) +2.0842) =3.1538



Numerical Methods in General
Taylor Series

Let (f (X)) IS a series written as
f(xX)=a,+a,(x—a)+a,(x—a)’....+a
where; a_, a,, a,.......a_ are coefficients
This Is the expansionof :

[ f(x)] about (a)



X-a
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Determin ation of Coefficients

1-a, > by put x=a

f(x)=f(a)=a, +a(a—-a)+a,(a—a)’
s.a,=Tf(a)

df (x)

2—a, — from
% dx

, put x=a

df (x)

=f'(x)=0+a, +2a,(x—a) +......

f'(a)=0+a,+0
soa, = Tf'(a)



3—a, —> from

d*f(x)
dx?
d*f(X)
dx*

Put x=a
f"(a)=0+0+2a, +0

- f”(a)
2

=f"(x)=0+0+2a, +6a,(x—a)+........

C.a,

d3f ()
ax?
f ’”(a) _ f”’(a)

2
3l

4—a, — from

SO; a, =



f "(a)

() = f(a)+ f'(a)(x—a)+ (X—a)2
+f';(la) (X=2)° + oo f(n)(a) (x—a)"
s f(X) = Z%f(”)(a) (x—a)"

n=0

If (a=0) the expansionis about the origin
2 n

£(x) = £(0)+ f'(0)x+ f”(0)%+ .......... ' f‘”)(O)%



Maclurian Series
Expansion of [f (x+ Ax)]

Write; X=a, X —a = AX
f (X-I—AX) = f ()() + f (X)(AX) 4 f ”(X) (AX)
b + M (x) (AX)°




Ex. (1) Find +17
Solution
X=16 Ax=17-16=1

f(X)= \F—XZ

J17 =16 += (16) (1)+[——(16)2(1)] 4.12304



Ex.(2) Find sin(28)

Solution

T
f(x) =sinx, ng' Ax=—2*ﬁ
f'(x) =cosx
f"(x) = —sinx

(—2n)2
) + (= sin( ))( 205

sin(28) = sm(—) + (cos( ))(180

= 0.46946 ~ 0.47



Expand e” in Maclaurian(Taylor) Series
f(x)=¢e"

2 n

£(x) = f(0)+ f'(0)x+ f”(O)%+ .......... + £ ()2

f(x)=e" atx=0= f(0) =1

f'(x)=1"(x)=1"(x)=....... N (”)(x) —e*

f'(0)=1=1t"(0)=f"(0) =.......... O (0)
’ x> x° X"

S =l Xt —F— i, + —



Solutionof Higher al —gebaricand
Transcendental Equations:
- f(X)=a, +ax=0
a, +a,x=0
4 X =—d,
—a

SoX = 2 one root
4




—If f(x)=ax"+bx+c=0

 —b++b%—4ac
B 2a

X



f(X)=x°+3x*-6x+7=0

or
f(X)=sinx+x+e" =0

or
f(X)=coshx+tanx+Inx=0



Approximaton Solutionused to Solve the Equations:
Newton— Raphson Method
Suppose f(x)=0; find the root X,

Start with an initial estimate (x) and improve

f(x©)

after repeatand
f '(x(°)) P

estimate to, x® = x\® —

obtain (x** and x'¥) and after (k +1) cycles;

(kD) 3 () _ f(x")
f'(x™)




Derivationof Newton— Raphson Formula:
By Taylor Series

Let (x') initial estimate for the root [f(x)=0]
f(x)=0

@ — 4 ©) L Ay©)
Ax®) — is the correction

f (X +Ax) = f(x)+ f'(x°)(Ax) +..........
0= f(x)+ f'(x@)(Ax)
_f (X(O)) — f '(X(O))(AX(O))



_ f (X(O)) — f '(X(O))(AX(O))

(0)
(ax) = — XD
P (x™)
@ — y(©) | Ay (©
W@ _ @ T (x*?)
f'(x)

By repetition:

S (K+D) 5 () f (x")
f'(x")



Exl: Solve 2x—e™ =0

Solution:

2x=¢e"
f.(x)=2x, f,=e”

(kD) (K f(X(k))
f'(X(k))




f (X

£,
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(kD) g () f (X(k))
f/(x™)

f'(x)=2+e""

Start x° =0

0 A—X° a0
X1:Xo_2X eo 20—2(0) _eo :Ezoggg
2_|_e_x 2+e 3

2(0.333) — g %%

—0.333

x° =0.333— =0.3518

2+e
2(0.3518) — g 038

X =0.3518- == 2

=0.3517~0.3518

S.x=0.3517



Ex2:Use Newton—Raphson Method to solve
0.25x—sinx =0 (requiredthe root>0)

Solution:
f,(x)=0.25x , f,=sInX

(kD) g () f (X(k))
f'(x")

Start x° =3



f,(x)

I 27

f,(x)
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f(x”) 3 0.25(3) —sin(3)
f'(x°) 0.25-co0s(3)
=2.50896~ 2.51

X1:XO_

;o 10D . 025257)-sin(251)
fr'(xty 0.25—c0s(2.51)
=2.475~2.51
S X=2475



lteration Method

To solve (f(x)=0), transform (f (x) =0) to the form
of (x=g(x)).If (x*) an estimate for (x) will improve
as;

y <+ g(x)k

The estimationis convergene when,

g'(x)*| <1




Ex1: Solve 4x—-6=0
Solution:

X+3X=0

X =0—3X

X =(g(X) =6-3X

g'(x) =-3

—3>1 No convergene



or: X+3X=6
33X =6—X

x=%(6—x)

g(x):%(ﬁ_x)

, 1

X) = — —

g’'(Xx) 3
3 3




1
X=—(06-—X
3( )
X° =0
1
X' ==(6-0)=2
3( )

x2 = %(6—2) —1.333

x3 = %(6 —1.333) =1.556

x* = %(6 —1.556) =1.481

x5 = %(6 —1.481) =1.506

X% = %(6 —1.506) =1.498

x7 = %(6 —1.498) =1.5006

-.X=1.5006



Exl: Solve x* —e * =0

Solution:

X% =e”

0.5x

X=e"
g(x) = o —0-5x

g’'(x) = —0.5e °>%

X° =0

g’'(x) =—-0.5e°°® =_0.5
—0.5|<1 ..ok. Cognv.



Put x° =0

X = g(x)"

Xl _ e—O.S(O) —1

x> =e *°® = 0.6065

X3 _ e—0.5(0.6065) — 0738

X4 _ e—0.5(0.738) _ 0691

X5 _ e—0.5(0.691) _ 0708

X6 _ e—0.5(0.708) _ 0702

x" =e %) = 0,704~ 0.702
. Xx=0.702



